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In this paper we study *-regularity and uniqueness of C*-norm for tensor 
products of *-algebras in relation to the corresponding properties of the factors. 
These two concepts are involved with the ideal theory of a *-algebra and its 
enveloping C*-algebra. Our results are applied to direct products of locally com- 
pact groups. 0 1990 Academic Press. Inc. 
INTRODUCTION 
Let A be a a-semisimple Banach *-algebra and C*(A) its enveloping 
C*-algebra. The question of how the representation and ideal theory of 
C*(A) is related to that of A is of great importance in Banach algebra 
theory. Two basic concepts in this context are *-regularity and uniqueness 
of C*-norm which may be defined as follows. A is called C*-unique (resp. 
*-regular) if there exists only one C*-norm on A (resp. on A/In A for 
every closed ideal I in C*(A)). 
These properties have been successfully studied by several authors for 
L’-algebras L1(G) of locally compact groups G and their C*-group 
algebras C*(G) (see [l, S-8, 13, 14, 171). Folynomially growing groups 
have *-regular L’-algebras [ 1, S] and if L’(G) has a unique C*-norm then 
G must be amenable. Very deep and detailed results have been obtained 
for connected Lie groups, in particular exponential groups [S, 171. 
Surprisingly, the obvious questions whether the classes of groups having 
*-regular or C*-unique L’-algebras are closed under forming direct 
products remained open. For GCR groups they have recently been 
answered affirmatively [Z], as consequences of more general results about 
algebraic tensor products A @ B of GCR *-algebras A and B. 
The purpose of this paper is to give criteria for A 0 B to be *-regular or 
C*-unique without any GCR assumptions on A and B. Our main results 
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are Theorems 3.3 and 3.4 in connection with Theorem 2.6. In particular, we 
obtain 1 hat for locally compact groups G and H, L’(G x H) is *-regular 
(C*-unique) if (and only if) Z,‘(G) and L’(H) have the corresponding 
propert:‘. 
A bri:f outline of the paper is as follows. Section 1 contains notations 
and bas c facts about *-regularity and uniqueness of C*-norm. In Section 2 
we stuc y algebraic tensor products of C*-algebras and the associated 
canonic,tl mapping between the spaces of kernels of factor representations, 
which i; an important tool in our investigations. The result mentioned 
above are proved in Section 3, while in the final Section 4 we present the 
fairly st:.aightforward extension to infinite tensor products. 
1. PRELIMINARIES 
In th:s paper we deal with *-algebras that are not necessarily Banach 
algebras but admit C*-norms. The reason for this generality is to have 
results lrhich apply to algebraic tensor poducts of Banach *-algebras, e.g., 
L’-grout algebras. We recall the relevant definitions from [2, Sect. 11. 
A *-algc:bra A is called a BG*-algebra if for every *-representations n of 
A as lin :ar operators on a pre-Hilbert space, n(x) is bounded for all x E A. 
Then 
v(x) = SUP{ ll~(x)ll; n a *-representation of A } 
is finite for every XEA. Assume that, moreover, A is reduced (or *-semi- 
simple), i.e., the set of *-representations of A separates the elements of A. 
Then v Ilelines a C*-norm, in fact the largest C*-norm, on A. The comple- 
tion of 4 with respect to v is called the enveloping C*-algebra of A and 
denoted by C*(A). 
Now let B be a C*-algebra. We denote by Prim(B) and Fat(B) the set 
of all kernels ker rc of irreducible and factor representations 71 of B, respec- 
tively. 11 rr is a factor representation of B, then n is homogeneous and hence 
ker 71 a prime ideal [9, (5.7.6)]. Thus we can introduce a hull-kernel 
topolog: r on Fac( B). 
Let A be a reduced BG*-algebra. A is called *-regular if for every closed 
subset r of Prim(C*(A)) and every factor ideal Z$Z’, there exists 
xEw)= nPEr P such that x 4 I. This is equivalent to the definition men- 
tioned iii the Introduction [Z, Theorem 2.31. Since we assume A neither to 
be GCR nor separable we will have to work with Fac(C*(A)) rather than 
Prim(C”(A)). We therefore give reformulations of *-regularity and unique- 
ness of I?*-norm in terms of Fac(C*(A)). The lemma below follows easily 
by observing that Prim(C*(A)) carries the relativized hull-kernel topology 
and thal Z= Tn Prim(C*(A)) for every closed subset Z of Fac(C*(A)). 
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LEMMA 1.1. Let A be a reduced BG*-algebra. 
(i) A has a unique P-norm if and only if k(r) n A # 0 for every 
proper closed subset r of Fac( C*(A)). 
(ii) A is *-regular if and only if given any closed subset r of 
Fac(C*(A)) and ZE Fac(C*(A))\T, there exists x E k(T) such that x4 I. 
Finally, let us point to [2, Proposition 2.53. This result will be frequently 
used and states that if A LB and A is dense in C*(B), then *-regularity 
(C*-uniqueness) of A implies the respective property for B. 
2. TENSOR PRODUCTS OF C*-ALGEBRAS 
For two *-algebras A and B, we denote by A @B their algebraic tensor 
product and by A 0, B the completion of A 0 B with respect to a *-algebra 
norm y on A@B. 
Suppose from now on, for the entire Section 2, that A and B are C*- 
algebras. Among all the C*-norms on A 0 B, there are a minimal one and 
a maximal one, TV and v. Recall that C*(A 0 B) = A 0, B. If x and p are 
factor representations of A and B, respectively, then rc @p is a factor 
representation of A @ B. rc @ p is continuous with respect to every C*-norm 
j? on A Q B, and the extension to A Qp B is denoted by 7c O8 p. This defines 
a mapping 
j,: Fat(A) x Fat(B) -+ Fac(A 0, B), (ker rc, ker p) -+ ker(rc 0, p). 
If r-r and p are irreducible, then so is xQI p, and j, maps Prim(A) x Prim(B) 
homeomorphically onto a dense subspace of Prim(A 0, B) [ 11, 
Theorem 51. Conversely, if 7c is a (subcross) representation of A 0 B, then 
there are unique representations xi of A and nn2 of B, called the restrictions 
of z, such that X(X 0 y) = xi(x) nz( y) = 7r2( y) rci(x) [ 11, Proposition 11. If 
rc is a factor representation, then rci and n, are factorial, and this defines 
a mapping 
r,: Fac(A@, B) + Fat(A) x Fat(B). 
r, is continuous. This has been shown for the primitive ideal spaces in [l 1, 
Theorem 51. The same proof works in our case and since ra j, is the iden- 
tity, this shows that j, is a closed bijection between Fat(A) x Fat(B) and 
its image. We don’t know whether j, is continuous in general. But as we 
will see j, is continuous at least when it is surjective. 
LEMMA 2.1. Let TZ be a factor representation of A 0, B with restrictions 
z, and x2. Then ker(n 1 A @B) = ker(z, @ z2) and ker n c ker(n, 0, nz). 
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Proof There exists an algebra isomorphism 8, between x(A@ B) and 
n,(A) @ x2(B) defined by 
e7d4xo Y)) = ~,(X)@%(Y) (see [20, Sect. 33). 
Hence e,oz=zn@zz, so that ker(n (A @B) = ker(n, 0 x2). Now 
7c(A 0, 9) is the closure of 7c(A @ B) in L#(H,). Thus 8, defines a 
homomorphism 8, of z(A@, B) onto xl(A)@, n,(B). Clearly then 
8,o n = :I, 0, 7c2 and ker XC ker(n, 0, Q). 
That ker z= ker(zn, @,7c2) holds for all factor representations rc of 
A 0, B turns out to be equivalent to a number of different conditions one 
of them being Tomiyama’s property (F) [20]. A@, B is said to satisfy 
condition (F) if the set of all product states cp @ $, where cp and II/ are pure 
states 01 A and B, respectively, separate the closed ideals in A 0, B. 
F~OP(ISITION 2.2. The following statements for A 0, B are equivalent: 
(1) A 0, B has property (F). 
(2) For any two representations 7~ of A and p of B, 
ker(n@.p)=ker7c@,B+A@,kerp. 
(3) For every factor representation x of A@, B with restrictions x1 
and II~, 
ker 7~ = ker(z, 0,~~). 
(4) jM: Fat(A) x Fat(B) + Fac(A 0, B) is surjective. 
Proof The equivalence of (1 ), (2), and (3) has essentially been shown 
in [ 17, Theorem 51. Clearly, (3) implies (4). Conversely, if n: is a factor 
representation of A@, B, then by (4) there exist factor representations p, 
of A anI1 p2 of B such that ker 7~ = ker(p, 0, p2), It follows that 
ker(k,0n2)= ker(7c(AOB)=ker(p,@p2). 
This imlllies ker xi = ker pi, i = 1,2, and therefore 
ker(z, 0, x2) = ker(p, 0, p2) = ker n. 
CORO >LARY 2.3. If A 0, B satisfies condition (F), then for any two 
closed kkals I of A and J of B, 
.‘@, B+A@, J= n {P&B+ A@, Q; PEh(l), QEh(J)}. 
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Proof In fact, if we assume that I@, B + A 0, .Z is properly contained 
in the intersection, then by definition of (F) there exist irreducible represen- 
tations 71 of A and p of B such that ker(n@, p) contains 16, B+ A 0, .Z 
but not the intersection. Thus by Proposition 2.2 (3), 
kerrc@.B+A@,kerp=ker(n@,p)zZ@,B+A@,J. 
This implies IS ker rc and JC ker p, a contradiction. 
Remark 2.4. We list two more conditions that are also equivalent to 
those given in Proposition 2.2: 
(2’) For factor representations rc of A and p of B, 
ker(rr 0, p) = ker ~0, B + A 0, ker p. 
(3’) For every irreducible representation rc of A@, B, ker rc = 
h-(x, 0,n2). 
Let 71 be a factor representation of A 0, B with restrictions 71, and R*, and 
suppose that (2’) holds. Then (compare the proof of Lemma 2.1) 
ker(rcn, 0 n2) = ker rcl 0, B + A 0, ker x2 
E ker 71 E ker(rcn, 0 rcJ. 
Hence (2’)=~(3). To show (3’)=-(l), let Zbeaclosedideal in A@,Band 
XE A 0, B\Z. Choose an irreducible representation z of A 0, B and 
x E A 0, B\Z. Choose an irreducible representation : of A 0, B such that 
z(Z) = 0 and z(x) # 0. Let rc, and rc2 denote the restrictions of IX to A and 
B, respectively, and consider the homomorphism 
(see the proof of Lemma 2.1). (3’) means that i?, is an isomorphism. Thus 
g,(z(x)) # 0. Hence there are irreducible representations pi of x,(A) and p2 
of x2(A) such that (~~0, p2)(8Jx))#0. It is now easily verified that the 
irreducible representations (rl = pi 0 7c1 of A and ~~ = p2 0 n2 of B satisfy 
(010, (72)(Z) = 0 and (fJl0, a2)(x) + 0. 
It follows that property (F) holds for A 0, B. 
LEMMA 2.5. Zf A 0, B satisfies property (F), then 
jcl: Fat(A) x Fat(B) + Fac(AO, B) 
is a homeomorphism onto. 
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Proof. We already know that j, is onto and closed (Proposition 2.2). 
Moreov:r, j, is given by j,(l, J) = I@, B + A 0, J. Let f be a closed subset 
of Fac(,t 0, B) and (I, J) E Fat(A) x Fac(B)\j;‘(T), so that k(T) is not 
contained in I@, B + A 0, J. Since by Corollary 2.3. 
l@,B+AO,J=n {PQ,B+&3,Q;Pd40~ QWQ)L 
and sinte the restriction of j, to Prim(A) x Prim(B) is continuous, there 
exist PE h(1) and Qeh(J) such that (P, Q)#j;‘(r) and open neighbour- 
hoods L of P and I/ of Q in Prim(A) and Prim(B), respectively, such that 
(U x V) ~j; ‘(r) = 0. Choose open subsets U, of Fac(A ) and V, of 
Fat(B) ;uch that U1 n Prim(A) = U and V, n Prim(B) = V. Then U, x V, 
is a neighbourhood of (1, I) and (U, x Vi) nj-‘(r) = 0. In fact, if 
(Z,,J,)~:(U,x Vi)nj-‘(T), then there are P,Eh(Zl)nU1 and Q1c 
h(J, ) n /i, and hence 
(PI, Qi) E (U, n Prim(A)) x (V, n Prim(B)) = Ux V, 
and 
j,(P ,Ql)=P,Q,B+AQ,Ql~ZIOblB+AQblJI=jl(Zl,J1)~~ 
Therefore, (PI, Q,) Ej;‘(r) since r is closed, a contradiction. 
THEOI.EM 2.6. For C*-algebras A and B, the following conditions are 
equivalel t t : 
(i) A Q B is +-regular. 
(ii) A 0 B is C*-unique, and A 0, B has property (F). 
Proof. Suppose that A 0 B is *-regular, hence C*-unique. Let rc be a 
factor representation of A 0, B and rci and nn, the restriction to A and B, 
respectil ely. We show that ker rc = ker(n, 0, rc2) (Proposition 2.2). By 
Lemma 2.1 
ker 7c E ker(rri 0, nJ and ker(n I A 0 B) = ker(lr, @ 7~~). 
Assunie that ker(n, 0, rc2) @ ker rr’. Then, since A@ B is *-regular and 
A @a B = q A 8, B = C*(A 0 B), there exists z E A @I B such that X(Z) # 0 and 
(n, @rcn2)(z) = 0, a contradiction. That, conversely, C*-uniqueness of A @B 
and prcperty (F) imply *-regularity will follow from the more general 
Lemma 3.2. 
A C* .algebra A is called nuclear if A@ B has a unique C*-norm for 
every Cc-algebra B. Nuclearity has received considerable attention and has 
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been studied from different points of view. There are several applications 
and connections with other parts of C*-algebra theory. If A is nuclear, then 
A 0, B satisfies (F) for any C*-algebra B (see [3, Theorem 3.33). There- 
fore, Theorem 2.6 yields 
COROLLARY 2.7. If A is nuclear, then A @B is *-regular for every 
P-algebra 3. 
The question arises if one of the two conditions in Theorem 2.6 (ii) 
implies the other. It seems likely that there exist C*-algebras A and B such 
that A @ B is C*-unique but not *-regular, so that (F) fails for A 0, B. 
However, we couldn’t find such an example. As for the converse, compare 
the following 
EXAMPLES 2.8. In general, property (F) does not imply C*-uniqueness. 
To see this, notice first that if A and B are simple C*-algebras, then A 8, B 
is also simple [ 19, Theorem 2, Corollary] and hence satisfies (F). Now 
Cp(F2), the C*-algebra associated to the left regular representation of the 
free group F, on two generators, is simple [18]. On the other hand by 
[19, Theorem 6] CP(FZ)@ Cf(F,) is not C*-unique. A more general 
phenomenon is the following. If A is a simple C*-algebra, then A is nuclear 
if and only if A @ B has a unique C*-norm for every simple C*-algebra B 
[4, Proposition 5.51. Thus, given any non-nuclear simple C*-algebra, e.g., 
C,?(F,), there exists a C*-algebra B such that A 0, B has property (F), but 
is not C*-unique. 
3. TENSOR PRODUCTS OF *-ALGEBRAS 
A *-algebra A is called U*-algebra if every element of A,, the algebra 
formed from A by adjoining a unit, is a finite linear combination of unitary 
elements [16]. Every Banach *-algebra is a U*-algebra, and a U*-algebra 
is a BG*-algebra [16]. Throughout this section A and B will always be 
reduced U*-algebras. Then A 0 B is a reduced BG*-algebra (see [Z, Sects. 
1, 51). 
We are going to establish criteria for A @B to be *-regular or have a 
unique C*-norm. Under the additional assumption that A and B are GCR 
such criteria have been proved in [2]. It turns out that by using the results 
of Section 2, most of the arguments in [2] essentially carry over to our 
more general situation. 
LEMMA 3.1. (i) Zf A@ B is *-regular, then both A and B are *-regular. 
(ii) If A @ B has a unique C*-norm, then A and B have unique 
C*-norms. 
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Proof: Carefully analyzing the proof of [2, Theorem 5.73 one observes 
that in order to show that, say, A is *-regular provided that A @ B is 
*-regula-, only the following two facts are needed. 
(1) C*(A) @ C*(B) is C*-unique, so that 
C*(A) 0, C*(B) = C*(A) 0, C*(B) = C*(A @B). 
(2) For any open subset U of Prim C*(A), there exists an open 
subset I. of Prim(C*(A)@, C*(B)) such that 
j,(Ux Prim C*(B))= Vnj,(Prim C*(A) x Prim C*(B)). 
Now (1 follows from [2, Proposition 2.51, and as for (2) recall that j, is 
an open mapping onto its image. 
LEMM.~ 3.2. (i) Let A and B be *-regular, and suppose that 
C*(A)@lC*(B) is C*-unique and satisfies property (F). Then A@B is 
*-regula;. 
(ii) Let A, B, and C*(A) @ C*(B) have unique C*-norms. Then A @B 
p0ssesse.q a unique C*-norm. 
Proof (i) We show that given a proper closed subset Z of 
Fac(C*(A@B)) and PEFac(C*(A@B))\I’, there exist XEA and DEB 
such th: t x @I y 4 P and x @ y E k(Z). Since, by hypothesis, C*(A @B) = 
C*(A)@ c1 C*(B) and property (F) holds, j, maps Fac(C*(A))x 
Fac(C*( B)) homeomorphically onto Fac(C*(A@ B)) (Lemma 2.5). Thus 
there ex:st open subsets U and V of Fac(C*(A)) and Fac(C*(B)), respec- 
tively, slrch that 
(Z, J)=j,‘(P)e ux v and Ux Vnj;l(r)=@. 
Set U’ = Fac( C*( A))\ U and I/’ = Fac( C*( B))\ V. A and B being *-regular, 
we can choose XEA and yEB such that x#Z, y#Jand x~k(U’), yak. 
It follows that x @ y 4 P and 
(ii) We have to show that k(Z) n (A 0 B) # 0 for every proper closed 
subset 1’ of Prim(C*(A @B)). Now, C*(A @B) = C*(A) @a C*(B), and 
j, maps Prim( C*(A)) x Prim( C*(B)) homeomorphically onto a dense 
subset of Prim( C*(A) 0, C*(B)). Hence j; l(Z) is a proper closed subset 
of Prim(C*(A)) x Prim(C*(B)). Therefore there are non-void open subsets 
U and V of Prim(C*(A)) and Prim(C*(B)), respectively, such that 
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j,( U x V) n r = 0. By the C*-uniqueness of A and B, there exist 0 # x E A 
and 0#y~B with 
x E k(Prim(C*(A))\U) 
We claim that x @ y E k(T). 
and y~k(Prim(C*(B))\V). 
To this end, consider an irreducible representation rr of C*(A)@, C*(B) 
with ker 7~ Er. Denote by rcl and z2 the restrictions of II to C*(A) and 
C*(B), respectively. It suffices to show that rci(x) = 0 or z*(y) = 0. Assume 
that~~(x)#Oand~~(y)#O.Then,forsomepi~supp~i,i=1,2,p,(x)#O 
and p*(y) # 0. Now, by the choice of U and V and x and y, 
kerplEU, ker d2 E I’, and Kerr 0, ~d$r. 
On the other hand, by Lemma 2.1 
ker rr E ker(rr, 0, rc2) E ker(p, 0, p2). 
Thus ker(p, 0, pz) E r, a contradiction. 
Combining Lemma 3.1(i), Lemma 3.2(i), and Theorem 2.6 and using 
[2, Proposition 2.51, we conclude 
THEOREM 3.3. A @ B is *-regular if and only if A, B, and C*(A) @ C*(B) 
are *-regular. 
On the other hand, from Lemma 3.l(ii), Lemma 3.2(ii), and [2, Proposi- 
tion 2.51 we get 
THEOREM 3.4. A@ B has a unique F-norm if and only if A, B, and 
C*(A)Q C*(B) have unique C*-norms. 
Remember that, while studying *-regularity and uniqueness of C*-norm 
for algebraic tensor products of most general *-algebras, we are in 
particular interested in consequences for L’-algebras of direct products of 
locally compact groups. Applying Theorems 3.3 and 3.4, we obtain 
COROLLARY 3.5. Let G and H be locally compact groups. 
(i) L’(G x G) is *-regular if and only if L’(G) and L’(H) are 
*-regular. 
(ii) L’(G x H) has a unique F-norm if and only if both L’(G) and 
L’(H) have unique C*-norms. 
Proof. The only if parts are well known. In fact, if M is a locally 
compact group and N a closed normal subgroup of A4, then L’(M/N) is a 
quotient of L’(M), so that L’(M/N) is *-regular (C*-unique) provided that 
L’(M) is *-regular (C*-unique). 
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For tlte converse, recall first that if L’(G) has a unique C*-norm, then 
G is amenable [7, Proposition 21. Amenability of G implies that C*(G), 
the enveloping C*-algebra of L’(G), is nuclear (see [ 11, p. 18, Remark 21). 
To that end notice that for any C*-algebra A 
C’*(G) 0, A = C*(G, A) and C,*(G)Q, A = C,*(G, A) 
(crossed product with respect to the trivial action of G on A). Moreover, 
if G is a nenable, then C*(G, A) = C,*(G, A) [lS, Satz 61. Hence 
C*(G) 0, A = C*(G) 0, A 
for ever!’ C*-algebra A. In [lo, Proposition 143 a more general result for 
twisted ~ovariance algebras has been shown. 
It follows that C*(G)@C*(jf) is *-regular. By Theorem 3.3 (resp. 3.4) 
L’(G)~L’(~) is C*-unique (resp. *-regular) provided that L’(G) and 
L’(H) z re C*-unique (resp. *-regular). Finally, it is well known that 
L’(G x I!) is isomorphic to the projective tensor product of L’(G) and 
L’(H). Therefore 
(i) and (ii) follow now by applying [2, Proposition 2.53. 
4. EXTENSIONS TO INFINITE TENSOR PRODUCTS 
In thi: section we consider infinite tensor products of a-algebras. Using 
that *-rtgularity and uniqueness of C*-norm are local properties in the 
sense of the following lemma, it is possible to deduce from Theorems 3.3 
and 3.4 analogous results for infinite tensor products. Concerning the 
theory o * infinite tensor products we refer to [12]. 
LEMMA 4.1. Let B be a reduced BG*-algebra, and suppose that B,, 
;1~ A, is a directed system of ~-suba~gebras of B with the following 
propertie F: 
(a) UA-E/l B, is dense in C*(B). 
(b) For every IE A, the closure B, of B, in C*(B) is isomorphic to 
C*(Bd. 
Then 
(i) B is ~-regular ifall the B, are *-regular. 
(ii) B has a unique P-norm if this is true for all B,. 
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Pruof: In 113, Lemma 1.11, (i) has been proved under the additional 
assumption that B is a Banach algebra and each B,, 1 E A, is closed in B. 
These assumptions are not necessary. This is demonstrated by the following 
simple argument which shows (ii). If Z is a non-zero closed ideal in C*(B), 
then, since uban B, is dense in C*(B), 
z= (J (ZnBJ (see [ 3, Lemma 4.5]), 
At/l 
and hence In B, # 0 for some 2. Now, as Bn is isomorphic to C*(B,) and 
B, is C*-unique, it follows that In B, # 0. 
Suppose we are given a family (A,),, , of *-algebras, and for each I, a 
non-zero projection p2 in A,. For Fc Z finite, denote by A, the finite tensor 
product OrEFAx, and let pF= QIEFp,, If EGF, then A, is embedded 
into A, by 
zEF* *AE-+A,, x--QP,,,. 
Then {AF, ZEF} forms a directed system. The inductive limit A is called the 
infinite tensor product of the A, with respect to p,, and is written as 
A = 0 {(A,, PA in Zj. There is a canonical embedding of A, into A. 
Moreover, if B,= @ ((A,, p,); roZ\F), then A= A,@B,. We assume 
now that every A, is a reduced U*-algebra. Then each A,, Fc I finite, is 
a reduced BG*-algebra. 
THEOREM 4.2. Let (A,, p,), I E Z, and A be as above. Then 
(i) A is *-regular if and only iffor every 1 E Z and every finite subset 
F of Z, A, and @JIEF C*(A,) are *-regular. 
(ii) A has a unique C*-norm zy and only if A, and @ ,E F C*(A,) have 
unique V-norms for each ,I E Z and every finite subset F of I. 
Prooj: We show only (i), the proof of (ii) being similar. Suppose first 
that A is *-regular. Then for any finite subset F of Z, A = AF@ B,, so that 
A, is *-regular. Then for any finite subset F of Z, A = A& B,, so that A, 
is *-regular by Lemma 3.1. In particular, every A, is *-regular. We now 
prove by induction on n that if tr , . . . . z,] E Z, then 0: = r C*(A,,) is *-regular. 
Let 
B= C*(A,,)@ ..a @I C*(AJ 
and assume that B is *-regular (induction hypothesis). Then by 
Theorem 3.3, B@ C*(A,“+,) is *-regular if C*(B)@ C*(A,“+,) is *-regular. 
But 
ij A,,GC*(B)@C*(A,~+,)~C* 
k=l 
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and thl: algebra on the left is *-regular. Hence C*(B)@C*(A,,+,) is 
*-reguh r by [2, Proposition 2.51. 
Conversely, it suffices to show that each A,, FG I finite, is *-regular. 
Indeed, this follows from Lemma 4.1 since the C*-norm on C*(A) restricts 
to the tinique C*-norm on A,, so that the closure A, of A, in C*(A) is 
isomorIlhic to C*(A.). Again, we argue by induction. Let F= E u {A >, and 
assume that A, is known to be *-regular. By Lemma 3.2, A, is *-regular 
provide1 that C*(A,)@C*(A,) is *-regular. Now, @,.FC*(A,) is 
*-reguhr by assumption, and 
@ C*(A,)EC*(A,)@C*(A,)EC* @glcFC*(A,) . 
1EF ( > 
Again, Proposition 2.5 of [2] completes the proof, 
We c:onclude the paper by applying Theorem 4.2 to L’-algebras of 
restricted direct product groups (such as Adele groups). Let G, be locally 
compact groups with compact open subgroups K,, z E I. The restricted 
direct product G = n:E, (G,, K,) is defined to be the group 
G= (x,kn G,; 
{ 
x, E K, for almost all 1 , 
1EI 1 
topologized in such a way that K = n,, , K, is open in G and carries the 
product topology of the K,. 
CORCLLARY 4.3. Adopt the previous notations, and let G = niEI (G,, K,). 
(i) L’(G) is *-regular fund only if L’(G,) is *-regular for every 1 E I. 
(ii) L’(G) has a unique C*-norm if and only if every L’(G,) has a 
unique c7*-norm. 
ProoJ: Again we prove only (i). Denote by xK, the characteristic 
functior of K,, and let the Haar measure of G, be normalized so that K, has 
measure 1. Then by [12, Theorem l] L’(G) is isomorphic to the infinite 
projecti ,e tensor product @,,,(L’(G,), xK,). Let A = BIG, (L’(G,), xK,), 
and suppose first that every L’(G,) is *-regular. Then C*(G,) is nuclear, 
and tllerefore C*(G,)@e is *-regular for every C*-algebra B 
(Corolliiry 2.7). Using this and Theorem 3.3, it is easily verified by induc- 
tion that each finite algebraic tensor product 
C*(GJ 0 . . . 0 C*(G,,) 
is *-regrdar. Hence A is *-regular by Theorem 4.2, and [2, Proposition 2.51 
gives that L’(G) is *-regular. Conversely, G, is a factor group of G, so that 
*-regularity of L’(G) implies that L’(G,) is *-regular. 
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